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Abstract. We work out the magnetization and susceptibility of Heisenberg- and XXZ-model antiferro-
magnet spin-1/2 systems in D dimensions under a rigorous constraint of single particle site occupancy.
Quantum and thermal fluctuations are taken into account up to the first order in a loop expansion beyond
the Néel state mean field solution. We discuss the results, their validity in the vicinity of the critical point
and compare them with the results obtained by means of a spin wave approach.

PACS. 71.27.4+a Strongly correlated electron systems; heavy fermions — 75.50.Ee Antiferromagnetics —
75.30.Ds Spin waves — 75.30.Cr Saturation moments and magnetic susceptibilities

1 Introduction

Recent work on quantum spin systems discuss the possi-
ble existence of spin liquid states and in two-dimensional
space dimensions the competition or phase transition be-
tween spin liquid states and an antiferromagnetic Néel
state which is naturally expected to describe Heisenberg
type systems [1—4]. It is also known that undoped super-
conducting systems show an antiferromagnetic phase [5].

In the following we focus our attention on a Néel phase
description of quantum spin systems described by Heisen-
berg models. More precisely we present below a detailed
study of the magnetization and the parallel magnetic sus-
ceptibility of Heisenberg antiferromagnetic spin-1/2 sys-
tems on D-dimensional lattices at finite temperature. The
aim of the work is the study of the physical pertinence
of the Néel state ansatz as a mean-field approximation
in the temperature interval 0 < T' < T, where T, is the
critical temperature. In order to get a precise answer to
this point we work out the quantum fluctuation contri-
butions beyond the mean-field approximation under the
constraint of strict single site occupancy [6-8,15] which
allows to avoid a Lagrange multiplier approximation [10].
The results are also extended to anisotropic X X Z systems
and compared to those obtained in the framework of the
spin wave approach.

The paper is organized as follows. In Section 2 we
present the derivation of the partition function under the
single particle site occupation constraint. The mean-field
and first order loop expansion term contributions are de-
rived in Section 3. In Section 4 we determine the magne-
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tization and the magnetic susceptibility, and discuss the
results obtained at the different levels of approximation.
Comments are presented and conclusions are drawn in
Section 5. Details of calculations are presented in the ap-
pendix, Section 6.

2 Fermionization of the Heisenberg model
and the partition function

The Heisenberg antiferromagnet Hamiltonian (HAFM) in
the presence of a local magnetic field B; reads

H= _%glijgi.gj +Y B, (1)
2,7 [

where J;; < 0 and the sums in the first term run over
nearest-neighbour sites (i,j) on a D-dimensional hyper-
cubic lattice.

The S = 1/2 spin vector operators are expressed in
terms of fermionic creation and annihilation operators

{Fixs F1}
Si = fl Garfir (2)

where the ¢4, vector components are Pauli matrices.
The transformation is rigorous if 3, f1 fio = 1. The
Fock space constructed with the fermionic operators f, f1
is not in bijective correspondence with the Hilbert space
of the spin states. Indeed, in Fock space and for spin-1/2
particles, the occupation of each site ¢ can be characterized
by the states |n;1,n; ) with n; o € {0,1}, that is states
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[0,0), |1,0), |0,1) and |1,1). But in the case of single oc-
cupancy the states |0,0) and |1,1) which are excluded as
unphysical in the present case have to be eliminated. This
is done by means of a projection procedure proposed by
Popov and Fedotov [6] and generalized to SU(N) symme-
try in reference [8].

Introducing the projection operator P = i3V where
N = > fja fio is the number operator the partition func-

1,0
tion Z reads
Z="Tr {e‘ﬁ H ]5}

where ( is the inverse temperature. On each site i the
contributions of states |0,0) and |1, 1) to Z eliminate each
other. Indeed
(0,0[;ePH. 1%*0|0 0); +
+(1,0[,7PH '3 11,0); +
= i({1,0;e~ |1, 0); +

+ (1, 1),e PH 12%2|1, 1),
+(0,1];e " €'20,1);
+(1,0/;e7PH|1,0),).

Hence the partition function
z lTr [e—B(H—uN)} (3)
)

with the imaginary “chemical potential” u = z% describes
a system with strictly one particle per lattice site, in con-
trast with the usual method which introduces an average
projection by means of a real Lagrange multiplier [9,10].

3 Mean field and one-loop approximations

Following the usual procedure we transform the Heisen-
berg Hamiltonian into a bilinear fermionic expression us-
ing a Hubbard-Stratonovich decoupling. Starting from (3)
this leads to

2/
L [ {Ipa |
20 H Eir (B)=iki (0)

fﬁdf{ To 2 biotSole(MI+L ; Fi.8i(r)

X D(&ig &io)e

where 7 is an imaginary time and

Zo=/HD<pe 1 drSol#()
Z — Bi).(#(7)

where ¢ stands for the Hubbard-Stratonovich decoupling
fields and & for the Grassmann variables.

After integration over the bilinear fermionic {&;,}
terms which appear in the action Z takes the form

Dge el
=zl

So [P(7)] - Bj)
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where
B
Sup 17 = / drSy [5(r)]

_ZanChgﬂ@(w:OH+T‘r{Z%GOMl } (5)

and (@;(w) = 0) is the Fourier transform of @;(7). The
propagator Gy and M; are defined in matrix form in ap-
pendix A.1.

In a loop expansion beyond the mean-field approxima-
tion @ the effective action given by (5) is expanded in a
Taylor series

Sef [7] =
8Seﬁ N ]. aQSeﬁ -2 3
Sefr jJr BE jéga 3 07 :5 + O65%)
4] 4] 4]

to second order (one-loop contribution) in the fluctuations

-2 - -

d0p of g = @+ dF. Since the mean field ¢ is chosen in
dS.y
54

B 0@ = 0 one gets the set of coupled
g

self-consistent equations
112 o | _ (pz ﬁ‘Pz
275 [%‘—BJ} =55 th{ 5 ]
J

Pi
which fixes the fields .

In the following we consider a Néel mean-field order
@;(1) = (=1)™"ip*e, = p7é, where 7 is the Brioullin
spin sublattice vector. The magnetic field applied to the
system is also chosen to be aligned along the direction €,.
The partition function can be decomposed into a product
of three terms

such a way that

Z=Zyp.Zen By

where Zyp, 2., and Z,_ are given by

—Seff

ZMF =e [@]

82
1 1 eff 572
2., = ZOZZ /Dgpze o e
e

Z,_ = D(pt, o e 7% L

+ ZJ/ (e, 97)
with
Sep| =

(]

2251 (@7 — Bf).(¢ Zm 2(:h—|\
,J
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182Seﬁ 2 ﬂ|: 1
= 5™ = =P
2 00> lip”? Zw:z; 2

_ (gth’ (2@;)) 8ij6(w = 0)] 367 (—w)dps (w)

2
5 SpTop™ =
23@*(“3@*‘[1 s
h (252
611 4 1t (2501) - N B
Y5 (s ) | o e ©

N Zzg BJ;} 5¢; (w)dpy (—w)  (6)

Zyr is the mean field contribution, Z,, and Z,_ are
the one-loop contributions respectively for the longitudi-
nal part do* and the transverse parts of @, ¢, which
take account of the fluctuations around the mean-field
value @~.

The contributions Z,, and Z,_ are quadratic in the
field variables 6¢?, ¢~ and can be worked out in the
presence of a staggered magnetic field B7. Studies involv-
ing a uniform magnetic field acting on antiferromagnet
quantum spin systems can also be found in reference [8].

4 Magnetization and susceptibility
of d-dimensional systems

4.1 Magnetization

The fields {@,} can be related to the magnetizations
{m;} as shown in Appendix A.2 and the free energy can
be expressed in terms of this order parameter, see Ap-
pendix A.3. The magnetization m on site i is the sum of

a mean field contribution m = —%%, a transverse
- dlnZ,_ S
contribution dm4_ = —% 57— and a longitudinal con-
10IlnZ,,

—5 0B For a small magnetic field B

a linear approximation leads to m = m + dm,, + dm4_
where

tribution dm.,, =

1.6
B
m 2t 5 |.J|m
2
) 8imArig (1 - 4m?) (22512
6mzz =~ Xr a
N, A\ 2
oy lsma {1—(&;'%) (1—4m2)2]
s, — (12D Amg) 1

4m N,

(1 +2D|J| Arng (1 — 7}%))

X
2
FesBz 1 =7z

[th (ﬁD|J|; 1 qz)}

X
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T. -1 -0.8 -0.6 -0.4 -0.

Fig. 1. Magnetization in a 3D Heisenberg antiferromagnet cu-
bic lattice. Dashed line: Mean field magnetization, Dotted line:
Spin wave magnetization, Full line: One-loop corrected mag-
netization.

N, is the number of spin-1/2 sites, Ay =
8 (1—4.m? S

% and v = % > cos(k.), see Ap-
2 ' neEn.N.

pendix A.3 for details of the derivation.

At low temperature (T' — 0) the magnetization goes
over to the corresponding spin-wave expression [7,11-13],
which reads

>

1 1 1 1
N, pD|J| '
pEeSBZth( 2 \/1—7,%) \/1—’7,%

=m+om

m =

where m = 1/2 is the mean-field contribution and dm is
generated by thermal and quantum fluctuations.

Figure 1 shows the magnetization m in the mean-field,
the one-loop and the spin wave approach for temperatures
T < T, where T, = D|J|/2 corresponds to the critical
point. One observes a sizable contribution of the quantum
and thermal fluctuations generated by the loop contribu-
tion over the whole range of temperatures as well as an
excellent and expected agreement between the quantum
corrected and the spin wave result at very low tempera-
tures.

The magnetization shows a singularity in the neigh-
bourhood of the critical point. This behaviour can be read
from the analytical expressions of ym_ and dm,, and is

generated by the |k| = 0 mode which leads to T =1
and by cancellation of m. The Néel state mean-field ap-
proximation is a realistic description at very low T'. With
increasing temperature this is no longer the case. The cho-
sen ansatz breaks a symmetry whose effect is amplified
as the temperature increases and leads to the well-known
divergence disease observed close to T.. Hence if higher
order contributions in the loop expansion cannot cure the
singularity the Néel state antiferromagnetic ansatz does
not describe the physical symmetries of the system at the
mean-field level at temperatures in the neighbourhood of
the critical point. Consequently it is not a pertinent mean-
field approximation for the description of the system.
The discrepancy can be quantified by means of the
quantity 2o

m

where Am = m —m = dm,, + dmy_.
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Fig. 2. Ginzburg criterion A# for the 3D Heisenberg model.

Am

Fig. 3. Comparison of the Ginzburg criterion for 2D (dashed
line) and 3D (full line) Heisenberg model.

Figure 2 shows the result. The relation ‘A—ﬁzn‘ < 1

(Ginzburg criterion) fixes a limit temperature T}, above
which the quantum and thermal fluctuations generate
larger contributions than the mean-field. For 3D systems
this leads to Ty, ~ 0.8T, for 2D systems the criterion
is never satisfied except maybe for very low temperature,
see Figure 2.

The pathology is the stronger the smaller the space
dimensionality. It is also easy to see on the expression of
the magnetization that, as expected, the contributions of
the quantum fluctuations decrease with increasing D. As
can be seen in the Figure 3, the saddle point breaks down
earlier in two than in three dimensions.

In fact, the Heisenberg model spin wave spectrum
shows a Goldstone mode as a consequence of the sym-

metry breaking by the Néel state. When |E| goes to zero

wEZZDS 1—’)/%

lim wg ~ [k].
k—0

The zero mode destroys the long range order in 1D and
2D as expected from the Mermin-Wagner theorem [14].

In the case of the XXZ-model the Hamiltonian of the
system can be written

J

XXz x g ;5%

HXX? = 2% 7 (SS5 + V8] + (1+6)8; 57)
(i5)
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where ¢ governs the anisotropy. In this case the excitation
spectrum shows a finite |k| = 0 energy wy

J 2

P -

1 2
mwe ~ |1 — (—— ) [1-=— ).
g <1+5> < 2D>

In Appendix A.4 we develop explicitly the expressions
of the free energy, magnetization and susceptibility. By
examination the expressions show that the zero momen-
tum mode is no longer responsible for a breakdown of the
saddle point procedure near TXX% = M However
the magnetization of the XXZ-model remains infinite near
TXXZ This is due to the common disease shared with the
Heisenberg model that the mean field magnetization ap-
pearing in the denominator of ym _ goes to zero near the
critical temperature. One concludes that the mean-field
Néel state solution makes only sense at low temperatures,
that is for T < Tiim, whatever the degree of symmetry
breaking induced by the mean-field ansatz.

4.2 Susceptibility

We consider the parallel susceptibility x| which charac-
terizes a magnetic system on which a magnetic field is
applied in the Oz direction. The expression of x| decom-
poses again into three contributions

1 0%°F
X|| =T N. 932 = XMF + Xzz + X+4-
P B=0
with
B (1-4m?)
:Am = 4
Xiarr =50 = 7B D171 (1 — 4m?)
2
. 8 (Z2505)" am (14 4m?)
X”zz = N, 2
v o lons {1 - (%) (1- 4m2)2]
1 18(1—2D|J|Amy0)?
TR 2 72 a0l
kesSBz

1
5 (1—2D|J|Am,)*

+sh2(ﬁD|J|m 1_75) 2

, sh 26D\ J|m, /1 — ’y%

—B (D]J]|Amyo7;)
S splgm, 142

The behaviour of xj is shown in Figure 4 in which we
compare the mean-field, spin wave and the one-loop cor-
rected contributions for a system on a 3D cubic lattice.
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Fig. 4. Parallel magnetic susceptibility at 3D for Heisenberg
model. Dotted line: Spin wave susceptibility. Dashed line: mean
field susceptibility x| ,, - Full line: total susceptibility (x|,
x)-

One observes again a good agreement between the quan-
tum corrected and the spin wave expressions at low tem-
peratures. For higher temperatures the curves depart as
expected. The mean-field contribution remains in qualita-
tive agreement with the total contribution.

5 Conclusion

In the present work we aimed to work out the expression
of physical observables (magnetization and susceptibility)
starting from a specific mean field ansatz and including
contribution up to first order in a loop expansion in order
to investigate the effect of fluctuation corrections to mean
field effects at Gaussian approximation. The mean field
is chosen as a Néel state which is an a priori reasonable
choice for spin systems described in terms of unfrustrated
bipartite Heisenberg model. The results are compared to
those obtained in the framework of spin wave theory.

The number of particles per site is fixed by means of a
rigorous constraint implemented in the partition function.
It has been shown elsewhere [7,15] that this fact intro-
duces a large shift of the critical temperature compared
to the case where the constraint in generated through an
ordinary Lagrange multiplier term.

At low temperature the magnetization and the mag-
netic susceptibility are close to the spin wave value as ex-
pected, also in agreement with former work [7]. Quantum
corrections are sizable at low temperatures. With increas-
ing temperature increasing thermal fluctuations add up to
the quantum fluctuations.

At higher temperature the fluctuation contribution of
quantum and thermal nature grow to a singularity in the
neighbourhood of the critical temperature. The assump-
tion that the Néel mean-field contributes for a major part
to the magnetization and the susceptibility is no longer
valid. Approaching T, the mean field contribution to the

magnetization goes to zero and strong diverging fluctua-
tions are generated at the one-loop order. This behaviour
is common to the Heisenberg and XXZ magnetization. In
addition the Néel order breaks SU(2) symmetry of the
Heisenberg Hamiltonian inducing low momentum fluctu-
ations near 1, which is not the case in the XXZ-model.

The influence of fluctuations decreases with the di-
mension D of the system due to the expected fact that
the mean-field contribution increases relatively to the loop
contribution.

In dimension D = 2 the magnetization verifies the
Mermin and Wagner theorem [14] for T # 0, the fluc-
tuations are larger than the mean field contribution for
any temperature. In a more realistic description another
mean-field ansatz may be necessary in order to describe
the correct physics. Indeed, in the neighbourhood of T' = 0
Ghaemi and Senthil [3] have shown that a second order
phase transition from a Néel mean field to an ASL (al-
gebraic spin liquid) may be at work depending on the
strength of interaction parameter which enter the Hamil-
tonian of the system. This confirms that another mean
field solution like ASL may be a better starting point as
a Néel state.

The authors would like to thank Drs. D. Cabra and T. Vekua

for instructive discussions.

Appendix
A.1 Matrices Gy and M,

After integration over the fermionic degrees of freedom in
equation (4) the partition function takes the form

Zz_ L / Dye— U drSolie(r)]=In detlsM]}
Zy

1

Zo

’Dsaefseﬁ [@]

lo7(p—q)

M,y = {Z‘p(?p,ﬁ%sof(p@ IS
n iPopq — 5% (P — 4

Lo p—q)

p and q refer to modified fermionic Matsubara frequencies,
P=wp—p= 27“(71 +1/4) and n is an integer, see [6]. M
can be put in the form

M = —Gy' (1 — GoMy)

where

see equation above
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one gets Amyg
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1 1g —
500F(p — s0p; (p— B
M, = fécpi(p 7(1) ffg’ ® 7(1) y
200 (P —q) —3097(p = q)

with §@;(p — q) = Gi(p — q) — @:(p — ¢ = 0)dp,4. The
second term in the expression of M corresponds to the
quantum contributions. The expression Indet (M) can
be developed into a series

In det (BM) = In det 8 [-Gg ' (1 — GoM;)]
= In det(—BGy ') + Tr In(1 — GoM;)
%(GOMl)"} .

oo

D

n=1

= In det(—BGy') — Tr {

The first term In det(—(Ggy') leads to the expression

>o;In QChgﬂcﬁi(w = 0)||. The first term in the sum gives
the contributions at the one-loop level.

A.2 Relation between the Hubbard-Stratonovich mean

Substituting m; = (=1)i(m + Am(B) in

B11+2.D|J| Arig] [1 — 4m?] and finally

1.8
- LB
m 2t 5 |J|m
Am(B) = Amg.B
N B(1-4m?)

mo = —
— SD|J| (1 —4m?)

where D is the lattice dimension.

A.3 The free energy and the terms §p? and dpt—
in equation (6)

19%S.y Sp?2
2 D=2 _ ()0
L)

. _ " . _ ,

fields ¢; and the mean-field magnetizations m; and %6&%& ‘[ ]590*5907 of equation 6 leads to
@

Using m; = —ng}‘” one gets

) 1)
@; = Bth_ 21

p;—Bj = Jim
i

2
Zth~12m;

3 :BiJrZJm-mj.

J

Starting from the Néel state m; = (—1)m+(—1)"Am(B).
For a weak magnetic field the second term can be lin-
earized Am(B) = AmgB. The coupling strength ma-
trix acting between nearest neighbour sites is taken as
Jij =J Z (5(7:;—77]iﬁ) with J < 0. Then

Jen.n.

mi = (—1)'m + (—1)' Am(B)

[B +2.D.|J|.(m + Am(B))] . Arg =

By means of a Taylor expansion around B = 0:

(=1)'(m + A(B)) = %thg(—l)i.Q.DMm
+ %.g(_ni [+ 2.D|.J| Ari]

x [1— th2§(71)i2D|J|m .B

+ O(B?).

m

=3 (5))

b (1 —4(m+ Am(B))?)
1 th (g@g)
2 @ —iw
[2a],, + (=1)* [20],,
_ (m+ Ai(B)).(B + 2D|J|(m + A (B)))
(B +2D[J|(m + Am(B)))? + w?]
iw(m + Am(B))
[(B+2D|J|(m + Am(B)))? + w?|

4

Integrating out the fluctuations 5@ away from the mean
field ¢* leads to

1.p
=—th—D|J|m

Am(B) =Amg.B

B (1—4.m?)

—2D|J| (1 — 4.m?)

Fur =NpD|J| (m + Ain(B))?

Ny @ m m
~ i ch (2[B+2D|J|( +A (B))])

1 BD| T\
5&2*%42 ln[1<72 >

keSBZ

x [1 —4(m + Am(B))?] 2}
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5Fy_ =

2 Y Sinh (5 ([B + 2D|J|(/m + Am(B))]?
Sinh (g (B + 2D|J|(i + Am(B))])

keSBZ

[2D|J|yz(m + Am

B 1))
smh( [B+2D|J|(m+4m(3>)])>.

A.4 The XXZ-model
The XXZ Hamiltonian

J

XXz rer i S7

HXX? = — 2% (5785 +57S) + (1+6)S755)
(id)

leads to a critical temperature

D|J + A
2
A=J5

TXXZ _

and a mean magnetization

1.7 -
m= 2th2D|J+A|m

5(1-4m?)

Am(B) = .
n(B) “BDIJ+ A(1— 4m2)

Aing.B = B.

A.4.1 Free energy

N,
Fur =N,D|J + A| (m + Am(B))? — =2

x In ch (g [B +2D|J + A|(m + Am(B))])

2
S [1 ) <ﬁD|J2+A|v,;)

kesSBz

1

[1—4(m+ Am(B))Q]Q}

§Fy_ =

S (Smh (2([B +2D|J + Al(m + Ai(B))]?
5

iisnz  \Sinh (4 [B+2D)J + AlGn + Am(B)))

[2D|J |y (m + Am(B))])*) ') ) ,

" Sinh (g [B + 2D|J + A|(m + Am(B))])

193

A.4.2 Magnetization

m=m-+6m,, +0omy_

1 9Fur
TN, 9B
B=0
S, — L 0Fzz
mZZ - N aB
B=0
2
1 8.mAmmg (1 — 4m (w&)
B 2
Nol kesBzZ {1 <5D\J+Am) (1477_12)}
(1+2D|J + Al Arig)
om,_ = !
4m
~ 7 2
(1+2D|J+A|Am0(1_(JJ}AVE) ))
N ) —
keSBZ 1— (J_i_Any)
1
X

[th <6D|J|m 17(

A.4.3 Susceptibility

=)

1 0°F
XI =~ N 382 =XMF + Xzz T X+-
P B=0
8(1—-4m?)
=Am,g = 4 :
Xlare =20 = 738D+ Al (1 — dm?)
2
) 8 (4&”‘(’2”‘”) Am2, (1 + 4m2)
Xiloy =

N 2
vl kesSBz [1 — (7BD‘J;AW’“) (1- 477‘12)2}

X|;o = N >

{ 1 ﬁ (1- 2D|J + A|Amiyg)?

P *(BD|J + Am)
1
* 2
2 <5D|J+A|m,/1 - (&%) )

x g(1—2D|J+A|Amxo)2—ﬁ(DIJIAmezz)2

2
sh 28D|.J + Almy /1 — (J%A%;)
X

BD|J + Al /1 — (”LME)Q
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